VOL. 2, NO. 3, MAY-JUNE 1965

J. AIRCRAFT

[
ot
ot

Engineering Notes

Assumptions Underlying the “Thin-
Skin” Heat-Transfer Approximation
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M assachuselts Institute of Technology, Cambridge, Mass.

Nomenclature

thickness of skin

Biot modulus, B = h.eib/k

specific heat of skin

isothermal heat-transfer coeflicient

isothermal heat-transfer coefficient at reference point

R/ hres

thermal conductivity of skin

kernel in heat-transfer integral, see Kq. (10)

length of skin in z direction

aerodynamic heat-transfer rate

outside radius of cylindrical or spherical shell

inner radius of cylindrical or spherical shell

time

short time lag due to transverse conduction

longitudinal conduction time lag

temperature

local adiabatic wall (recovery) temperature

coordinate along skin in flow direction

coordinate normal to skin: y = 0is heated side, y = —b
is interior side

x/l

mass density of skin

nondimensional time
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HE temperature of an aerodynamically heated skin of a

flight vehicle is commonly estimated by means of the
“thin-skin” approximation. This approximation results
from equating the heat stored per unit area in a skin of
thickness b with the heat transferred to the skin. The
former is pCH(OT/0t). The latter is based upon the iso-
thermal heat-transfer rate (T — T). In these two terms
T is the surface temperature, T, is the adiabatic wall tem-
perature, & is the aerodynamic heat-transfer coefficient, p is
the skin density, C its specific heat, and ¢ is time. The
material properties are usually assumed to be constant. The
resulting differential equation for skin temperature is

pCb@T/ot) + AT = hT.. (1)

In deriving Eq. (1), the temperature is assumed to be uniform
across the skin, i.e., all of the heat conduction is across the
skin and none is along the skin. The purpose of this dis-
cussion is to present additional assumptions that are implicit
in the ‘“thin-skin”” approximation.

First, the assumption that the temperature is uniform
across the thickness of the skin implies that the character-
istics of the trajectory do not change rapidly when compared
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with the transverse conduction time scale!- 2 denoted ¢,
ts = (3.56%/7%)p(C/k) 2

where £ is the thermal conductivity of the skin. ¢, is, approxi-
mately, the time lag from front to rear skin surfaces. Asan
example, the value of (pC/k) for nickel at room temperature is
approximately 1.85 hr/ft?, and so ¢, ~ 6.54 b2 hr. If the skin
is 0.01 ft thick, ¢, ~ 6.54 X 10~* hr or =~2.35 sec. For this
example, if T4, is changing markedly in 2 sec, then the approxi-
mation is poor because of short time heating effects.

The next implicit assumption is that the effects of longi-
tudinal conduction are negligible. Conduction along the skin
can be estimated by the following procedure. Assume that the
temperature can be represented by the first three terms of a
Taylor’s expansion about the heated side (y = 0), so that
Ty &) = T 0,8 + (/o) (T'(x, y, ] | e

v
y + Yo (T(x, y, 0] | (y2/2) + ..0@Y (3)
y=
The second derivative of the temperature in Eq. (3) is com-
puted from the boundary condition at y = —b, i.e., there isno
heat transfer at the back (y = —b). The value of the first
derivative of the temperature in Eq. (3) is determined from
the aerodynamic heat-transfer formula. Equation (3) may
be written, after these calculations are made, as

Tz, y,t) =T, 0, + (h/k) X
(Taw(@, ) — Tz, 0, ) ]ly + (¥*/26)] (4)

The surface temperature is defined by the solution of a
differential equation that results from substituting Eq. (4)
into the heat-conduction equation

k[(22:T/022) + (2T /dy2] = pC(dT/d1) (5)

and integrating from y = —b to ¥y = 0. Thus one obtains
the differential equation

oT, 0Ty, b2 o?

T Ty = Te) = -~ S
POb T Mo = Tow) = KO 0 = 5 [ ox

o [ A 7
pC St:“:i (Taw - TO)J (6>

whose solution defines T, where Ty = T(z, 0, t) [(note that
h can be h(z, £)]. Clearly, if the right-hand side of Liq. (6)
is equal to zero, then Eq. (6) reduces to Eq. (1). To estimate
the effects of conduction, define § = z/[, where [ is the panel
length in the z direction, and

hedt b _ g0
pCh ) Pret Prei(£)

hiees is a reference value of &; hence A is a function of £ only and
is usually of order unity.t
In terms of these normalized variables, Eq. (6) is
aT() = m ]Cb 02T0 -
or T o) = g
{ 1620 | hetb O

dr =

—_ 37; i? avg‘l ***** E/(Taw - TO)} (7)

t This statement is meant to exclude the case of a mathe-
matically sharp leading edge where £ is of the order of 212, As
x — 0, the surface temperature approaches the adiabatic tem-
perature and longitudinal conduction cannot be neglected.
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The first term on the right-hand side of Eq. (7) represents the

heat gain due to internal conduction along the direction of the

air flow, and the second term represents a loss or lag in heat

resulting from the temperature difference across the thickness.

Equation (7) may be rewritten as

o . B - 1/b\20%T, 1202 .

il ot R b DT =

or (1 Tk 3.) Tot+hTo—p <z> o8 3% rop MY
- B 1 52 02
Mow ¥ [é or 3k 1208

W] ©®

B = hwib/k is called the Biot modulus and represents the
relative ability of the heat to be transferred aerodynamically
as compared with its ability to be conducted across the skin.
Note that the coefficient of Ty in the time derivative (1 +
hB/3) approaches unity if B is small. Hence another con-
dition for the validity of the thin-skin approximation is that
B << 1, 1f this is the case, and if % is well behaved, then

(1/3h)(02/0£%) (hTo) < (1/B)(0*To/0£?)

A further requirement for the use of the thin-skin approxi-
mation is that

b2/'Blt <1 or b2« B

Under these two circumstances, Eq. (8) becomes identical
with Eq. (1), the added terms in the forcing function being
negligibly small if the derivatives are regular. Note that, by
assuming that the term b%/Bl2(0%T,/0£?) is negligible, the
highest derivative term in £ is being neglected. This implies
that a boundary-layer-like phenomona may be encountered
at the ends (¢ = 0 and £ = 1.0) of the panel. The thickness
(say &) of this layer ic of the order 8/l = [b/I(B)11?]. If the
duration of the exposure to the hot gas stream is Jong enough,
this boundary layer will include an appreciable part of the
panel length. This long-time duration is approximately
equal to that given in Iq. (2) if b is replaced by /2, that is,

tr =~ (3.5/v)(1/2)*(pC/k) )

The 6-in. panel discussed previously would have an upper
time constant of (0.25/0.01)2 X 225 = 1406 sec or 23 min.
Thus the characteristics of the trajectory should not change
rapidly in 2.35 sec and the entire flight should be completed
in less than 23 min.

Another implicit assumption in the use of the thin-skin
approximation is contained in the use of the isothermal aero-
dynamic heat-transfer coeflicient. The restrictions resulting
from this assumption may be removed by using an integral
relation between the acrodynamic heat transfer and the
temperature that has the {form

¢ = [ K, 20d|Tuulz) — To@)] (10)

for either laminar or turbulent flow.? Equation (10) may be
used to show that the isothermal approximation is valid
whenever T <« T,,.. When T ~ T, the integral relation
(or its equivalent) must be used if accurate results are re-
quired. Thisis shown by the results of Bryson and Fidwards.*

Finally, the derivation omits the effects of radiant heat
transfer. This may be accounted for by including the radiant
heat transfer in the heat balance [Eq. (1)].  Naturally, if the
surface Is not very wide as compared fo its length, a lateral
time constant should also be computed.

Equation (8) indicates that the thin-skin approximation has
further utility when conduction effects are negligible but B

is not too small. In that case, define a time constant of H

LS

T 1+ h(B/3)

to be introduced in place of & in Eq. (8). This time con-
stant can be determined from experimental data. The H
so determined then includes many internal effects previously
neglected. H can be applied to the problem of calculating
thermal response for other trajectories if 4 is computed for
the new trajectory. The modified equation takes the form

o - B - B

=1

Tuw +

@ by

o]
5( Tew) (A1)

The solution to Eq. (11) may be written in integral form as

o f {e\p - [f H(r) dn]} X

1+h (B/3)

{hTaw + g 07_70 (hTaw)} dT() (12)

where 71, 7o are dummy variables of integration. In many
cases
[Ty ~ 116 = 70
In terms of physical values,
Hir = 70) = —" e (13)

ﬁ‘?ﬁé to pCb

where 8 is a dummy variable of integration.

If this approximation is applied to cylindrical or hemi-
spherical shells instead of a flat panel, the factor 4 that multi-
plies 2B should be replaced by L. This is a valid substitution
whenever (By — R;/R.))? < 1. Here R, is the outside radius,
R; is the inside radius, and now b = Ry — R..

In summary, the thin-skin approximation will generally be
valid whenever the flight time scale falls between ¢, and &,
which are defined by Eqs. (2) and (9). Further, the Biot
modulus B should be small as compared to unity but large
as compared with the square of the thickness ratio of the
panel. Last, the wall temperature should be a small fraction
of the adiabatic wall temperature.

The thin-skin approximation is simple to use. Frequently
it is applied either directly or in modified form in spite of the
systematic errors introduced because it does provide a quick
estimate of the expected temperature.
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